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Q ■ Abstract. We show that the integrated density of states of the almost Math- 

ieu operator is absolutely continuous if and only if the coupling is non-critical. 
We deduce for subcritical coupling that the spectrum is purely absolutely 
I""""'"" t continuous for almost every phase, settling the measure-theoretical case of 

£N| , Problem 6 of Barry Simon's list of Schrodinger operator problems for the 

twenty-first century. 
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<"1 . 1. Introduction 

-(— > . 

This work is concerned with the almost Mathieu operator H = Hx,a,$ defined 

on^ 2 (Z) 

(1) (Hu) n = u n+ i + u n —i + 2Acos(27r[f? + na])u n 

where A ^ is the coupling, a £ K\Q is the frequency, and 9 £ M. is the phase. This 
is the most heavily studied quasiperiodic Schrodinger operator, arising naturally 
Q^ | as a physical model (see [32] for a recent historical account and for the physics 

04 ■ background). 

We are interested in the integrated density of states, which can be defined as 
the limiting distribution of eigenvalues of the restriction of H = H\ a e to large 
finite intervals. This limiting distribution (which exists by [7]) turns out to be a 
9 independent continuous increasing surjective function N = N\ jCX : M — > [0,1]. 
The support of the probability measure dN is precisely the spectrum £ = ~S\ a . 
Another important quantity, the Lyapunov exponent L = La. a, is connected to the 
integrated density of states by the Thouless formula L(E) = Jln\E — E'\ dN(E'). 

Since S is a Cantor set ([8], [10], [21], [23], [3], 0), N is "Devil's staircase" -like. 
It is also known that S has Lebesgue measure |4 — 4|A|| [3]. See [22] for the history 
of these two problems and additional references. The spectrum has zero Lebesgue 
measure precisely when |A| = 1, the critical coupling. 

Recently there was quite a bit of interest in the regularity properties of the 
integrated density of states. The modulus of continuity is easily seen to be quite 
poor for generic frequencies, so positive results (such as Holder continuity [13]) in 
this direction have depended on suitable (full measure) conditions on the frequency. 
There was more hope in proving positive general results on absolute continuity of 
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N since [20] established that for almost every a and A non-critical (or every a 
and certain values of A), dN has an absolutely continuous component (for critical 
coupling, dN never has an absolutely continuous component due to zero Lebesgue 
measure of £). Later, this result was improved to full absolute continuity under a 
full measure condition on a and all non-critical couplings [17] (the condition on a 
was later improved in [2]). Let us also mention the recent work of Goldstein-Schlag 
[14] that establishes absolute continuity of the integrated density of states in the 
regime of positive Lyapunov exponent under a full measure condition on a, but for 
more general potentials. 

In this work, we prove the following result, which completely describes the set of 
parameter values for which the integrated density of states is absolutely continuous. 

Main Theorem. The integrated density of states of H\^ a £ is absolutely continuous 
if and only if |A| ^ 1. 

We point out that prior to this result, it was unknown whether there could be 
parameters for which the spectrum contains pieces (non-empty open subsets) of 
both positive and zero Lebesgue measure. 

Our Main Theorem has an important consequence regarding the nature of the 
spectral measures of the operators H\ a g. For |A| > 1, it is known that the spectral 
measures have no absolutely continuous component. For |A| < 1, one expects the 
spectral measures to be absolutely continuous. Indeed, the belief in such a simple 
and general description of the nature of the spectral measures dates back to the 
fundamental work of Aubry- Andre pQo More recently, this conjecture shows up as 
Problem 6 of Simon's list of open problems in the theory of Schrodinger operators 
for the twenty-first century [26] , As we will discuss in more detail below, the result 
is known for a's satisfying a Diophantine condition. The strategy of the proof, 
however, clearly does not extend to the case of a's that are well approximated 
by rational numbers. Indeed, Simon points out in [26] that "one will need a new 
understanding of absolutely continuous spectrum to handle the case of Liouville 
a's." 

A beautiful result of Kotani [19] , which has not yet received the attention and 
exposure it deserves, shows that if the Lyapunov exponent vanishes in the spectrum, 
then absolute continuity of the IDS is equivalent to absolute continuity of the 
spectral measures for almost every 8; see also the survey [11] of Kotani theory and 
its applications. By [9], if the coupling is subcritical, the Lyapunov exponent is 
zero on the spectrum. We therefore obtain the following corollary. 

Corollary 1. If \X\ < 1, then the spectral measures of -Ha, a, a are absolutely con- 
tinuous for almost every 9. 

This settles Problem 6 of [26], at least in an almost everywhere sense. □ 



In [T], it is actually proposed that spectral measures are absolutely continuous for |A| < 1 
and atomic for |A| > 1 (with both regimes being linked in the heuristic reasoning). The problem 
turned out to be very subtle, and the claim for |A| > 1 was soon shown to be wrong as stated 
(see further discussion below). This discovery did generate some doubts regarding the claim for 
|A| < 1 (sec Problem 5 in Section 11 of |24[ ) before optimism was regained with the work of Last 

After this work was completed, an approach to proving absolutely continuous spectrum for 
every phase has been proposed by the first named author. The proposed solution does use (as an 
important step) the techniques developed here. 
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As mentioned before, the Main Theorem had been established already for certain 
ranges of parameters. Let us discuss in more detail which range of parameters could 
be covered by such methods, and which range of parameters will be treated by the 
new techniques introduced in this paper. 

Due to the symmetries of the system, we may restrict our attention to A > 0. It is 
known that N\ >a (E) — Nx-i a (X~ l E) (Aubry duality). Thus in order to establish 
the Main Theorem it is enough to show that N\ <a is absolutely continuous for 
< A < 1. 

In the "Diophantine case," the following argument has been successful. One 
establishes pure point spectrum for almost every phase for H^-i a g, which implies 
by the strong version of Aubry duality [16] that the spectrum of H\ >a ^ is absolutely 
continuous for almost every phase, which obviously implies that N\ t0i is absolutely 
continuous. 

Pure point spectrum for H\-i aS for almost every phase was indeed established 
by Jitomirskaya for all A -1 > 1 under a full measure condition on a; see [17] . This 
result was recently strengthened by Avila and Jitomirskaya as follows. Let p n /q n 
be the continued fraction approximants to a and let 

(2) < 8 = i g( Q )=limsup llIgra+1 . 

n — >oo Qn 

If j3 = and A -1 > 1, then H\-i a g has pure point spectrum for almost every 
phase; see [2j Theorem 5.2]. As a consequence, the main theorem is known in the 
case (3 = 0. 

However, it has been understood for a long time that this approach cannot work 
for all a [B]. Indeed, if /3 > and 1 < A -1 < e 13 , Gordon's Lemma [TS] (and 
the formula for the Lyapunov exponent [9]) shows that there is no point spectrum 
at all! It is expected that pure point spectrum for almost every phase does hold 
when A -1 > e@ . This is currently established when A -1 > e 16 ' 3 / 9 [2]. In any event, 
the main theorem cannot be proven via the "localization plus duality" route when 
/3>0. 

In this work, we provide a new approach to absolute continuity of the IDS via 
rational approximations. This approach works when < A < 1 and j3 > 0. A 
feature of this approach is that absolutely continuous spectrum for almost every 
phase is obtained as a consequence of the absolute continuity of the IDS, rather 
than the other way around as is usually the case in the regime of zero Lyapunov 
exponent. In other words, our work establishes the first application of Kotani's 
gem (a sufficient condition for purely absolutely continuous spectrum in terms of 
the IDS and the Lyapunov exponent) from [19] . 

2. Preliminaries 

2.1. SL(2, K)-action. Recall the usual action of SL(2, C) on C, 

a b\ az + b 

c dj cz + d' 

In the following we restrict to matrices A e SL(2,R). 

Such matrices preserve i = {z £ C, 3z > 0}. The Hilbert-Schmidt norm of 
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IS 



PIIhs = (a 2 + b 2 + c 2 + d 2 ) 1 ' 2 . Let (f>{z) = ^£- for z € H. Then 

i , I ai+b |2 



C2+G( 



c 2 +d 2 



cyc^ (ai-\-b)(—ci-\-d) 

_ a 2 + b 2 + c 2 + d 2 
~ 2(ad - be) 

and hence ||j4||hs = 2</>(A • i). Thus cf>(z) is half the square of the Hilbcrt-Schmidt 
norm of an SL(2,R) matrix that takes i to z. 
The rotation matrices 

,„^ „ __ (cos2ir0 — sa\2irQ 

^ ' e ~ \s\tl2tt9 cos27t(9 

are characterized by the fact that they fix i. One easily checks that ||i?e^l||HS = 
||AR e || H s = ||A||hs- In particular <fi(Rgz) = <f>(z). 

We notice that <fi(z) > 1, <p(i) — 1 and |ln</>(;z) — ln<p(w)\ < distn(z, w) where 
distn is the hyperbolic metric on M, normalized so that dist]i(6W,i) = | In a| for 
a >0. 

If |TrA| < 2, then there exists a unique fixed point z £ M, A ■ z = z. Let 
< p < 1/2 be such that TrA = 2cos27rp. Let us show that 

(4) <l>{z) = —i— (||A|||g - 2cos4^) 1 /2, 

2 sm 27rp 

so that 

(5) «,) < ^™ 

2 sm 27rp 

Let S e SL(2, R) be such that B -i = z. Then 

(6) A = BR ±p B- 1 

since B~ l AB fixes i and hence is a rotation that has the same trace as A. Write 
B = RD with R a rotation and D diagonal, 



A 

\- 



D= ln ,-i 



(First stretch i suitably and then rotate it to z.) Then DR± p D 1 has a unique 
fixed point R^ 1 ■ z = D ■ i and 

<t>(z) = MR' 1 ■ z) = (A 2 + A- 2 )/2 = \\D\\^/2. 
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On the other hand, 

II^IIhs = II^±p^" 1 IIhs 

= 2 cos 2 2np + (A 4 + A~ 4 ) sin 2 2np 
= 2cos 2 2tt / o+ (||-D||h S -2)sin 2 27r / 9 
= 2cos47rp+ ||L»||H S sin 2 27rp 
= 2 cos 47rp + 4</>(z) 2 sin 2 2np, 
and we obtain (|4|). 

2.2. Lyapunov Exponent. Fix A G R, a G E, £ G R. Let 

(7) ^)=A^)(0)=^- 2A 1 COS2 ^ - 1 ). 

Denote 

(8) A n (6) = A^ E \0) = A(9 + (n- l)o) ■ • ■ A(0). 
The Lyapunov exponent L = L\. a is defined as 

(9) L(E)= lim - / ln||A,(0)||d0. 

n-»oo n J R/Z 

By unique ergodicity of irrational rotations, for a G R \ Q, we have L(E) = 

limisu Pe ln||A„(6>)||. 

Theorem 1 (|SJ, Corollary 2). If < X < 1, a € R\Q and E £ Sa, q then 
L{E) = 0. 

2.3. The Almost Mathieu Operator. We extend the definitions of the intro- 
duction to the case of rational frequencies p/q (here and in what follows, p/q will 
always denote the reduced fraction of a rational number) . We can of course define 
H\, p /q t 9 by the same formula as in the introduction; however, the several related 
quantities are no longer 9 independent. 

Let Nx^/ q be the average over 9 of the integrated density of states of the oper- 
ators Hx p / q g. Then we still have the Thouless formula 

(10) L{E) = ( hx\E' - E\dN{E'). 

Let Hx,p/q be the union over 9 of the spectra of Hx^pjqfi and let o~x, p / q be the 
intersection over 9 of the spectra of Hx,plq.d- 

With those definitions, Sa,q an d Nx, a are continuous in A and a. 

Theorem 2 ([5], Proposition 7.1). The Hausdorff distance between Y,x, a and £A,a' 
is at most 6(2A) 1 ' 2 |a — a'\ 1 ' 2 , for \a — a'\ < y, where C > is some constant. 

2.4. Periodic Case. When a = p/q, Tr A q (6) is periodic of period 1/q. Since 
TrA q (9) = -A«e 2m « e - \i e - 2m i e + ^jZl-qO-je 2 ^ 9 it follows that aj = for 
< |j'l < Q an( i we have the Chambers formula 

(11) TtAq(9) = -2\ q cos2nq9 + a a 

where oq = ao(X,p/q,E). 

We have £ A , p/g = {E : inf e \Tt A q {9)\ < 2} and a A:P/g = {E : su Pe \Tr A q (9)\ < 
2}. Bands of E Ap/ / 9 are closures of the connected components of {E : infg |TrA 9 (0)| < 
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2}. Then there arc q bands, ~Ex,p/q is the union of the bands, the bands can only 
touch, possibly, at the edges. Moreover, c\ iP / q is non-empty if and only if < A < 1 , 
in which case it has q connected components and each band of Yix tP / q intersects in 
its interior a single connected component of o~\ p / q . (The facts above can be all 
deduced from Chambers formula, see [5] or [8].) 

Theorem 3 (|5J, Theorems 1 and 2). For < A < 1, we have \<r\ }P / q \ — 4 — 4A 
and \Z x , P /q \ <r\,p/q\ < ^\ q/2 ■ 

Passage to the limit at irrational frequencies yields the lower bound of Thouless 

m\ 

(12) |S A , Q |>4-4A, 0<A<l,o6l\Q 

(of course, equality is now known to hold in the above formula, but we will not 
need it). 

2.4.1. Formulas for the IDS Inside a Band. If \Tr A q (6)\ < 2, let < p{9) < 1/2 be 
such that Tr A q (0) = 2 cos(2n p(9)) . Let also p{9) = if Tr A q (0) > 2 and p(9) = 1/2 
if TrA q (8) < —2. Let p be the average over 9 of p{&). Then if E belongs to the 
k-th band of Yl\ p i q , we have the formula 

(13) qN(E) = k-l + (-iy +k - 1 2p+ L_J . 

This formula is immediate from the relation between the integrated density of states 
and the fibered rotation number; see [7] and [TS] . 

If \TrA q (6)\ < 2, let m(9) be the fixed point of A q (0) in H. Note that, by 
periodicity, we have A{9)m{9) = m{9 +p/q). Moreover, 

(14) * N (E) = JL[ cj>{m(0))M. 

This formula can be obtained for instance as a very simple case of the general 
formulas for absolutely continuous spectrum of [12j . 

2.5. Derivative of the IDS in the Irrational Case. The following result is a 
consequence of Theorem [1] and [TH [25] . 

Theorem 4. Let 0<A<1, a£t\Q. Then there exists a full Lebesgue measure 
subset Y C Sa.q such that for every E e Y, there exists a measurable function 
m : K/Z -+ H such that A{6) ■ m{9) = rh(9 + a) and 

(15) jL Nxa r E) = ±-U { rh { e))d9. 



We refer the reader to [HI [19] for more information on the theory leading to the 
formulae ([14]) and (fTS")) ; see especially fTT] Theorem 5] and [TSj Theorem 4.8]. 

3. Proof of the Main Theorem 

As discussed in the introduction, it is enough to prove the following result. Recall 
the definition (j2j of /3(a). 

Theorem 5. Let < A < 1, a € R \ Q. If /9(a) > 0, then the IDS is absolutely 
continuous. 
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The proof of this theorem will take up the remainder of this section. Throughout 
the proof, A and a will be hxed. 

Let Y C Sa.o be as in Theorem @] If E € Y, let fh be as in Theorem @] It is 
enough to prove that 

(16) j Y ^ dE = l - 

The hypothesis implies that 

(17) 



P 
a 

q 



< e -(/3-o(i)h 



for arbitrarily large q. Fix some p/q with this property and q large. 

For a hxed energy E, write A = A^- E \ A n = A^' p/g ' E) and A n = A^' a ' E) . 
Let 

c = min{/3/2,-lnA/2}. 
Notice that maxje"^, X q } < e- 2cq . Let 

P q = {p € [1/g, 1/2 — l/q] : 3a = a(p), b = b(p) positive integers with a odd, 
e cq/i <b< e cq / 2 , and \4bp-a\ < 10/6}. 
Dchnc 

X = X X ,p/ q = {E e <T\,p/ q ■ P € Pq}- 

Notice that 

\Ab{p)p{6) - a(p)\ = \4b(p)p - a(p)\ + |4&(p)||/>(0) - p| 

< e- cq/i + e cq/2 X q 

< e-cq/i + e cq/2 e ~2c q 

= 0(e~ c « /4 ) 
(where \p — p(9)\ is estimated using Chambers formula). 
Lemma 3.1. We have 

(18) \N XtP/q (X x , p/q )\ = l-o(l). 

Proof. By the Chambers formula (see §2.4p and (|13[) . 

I^A,p/ 9 (SA,p/ 9 \ 0-\,p/q)\ = O(l), 

so it suffices to show 

\N\,p/q(<T\#/q \ X\,p/q)\ = O(l). 

This in turn follows once we show in each connected component B of o~ x . p / q that 

\N XtP/q (B\X x>p/q )\=o(l/q). 
Now, 

\N x>p/q (B\X XtP/q )\<^—^ 

by (fl3]l. Thus, it suffices to show that \P q \ -> 1/2. 

This follows from the observation that numbers p € [0, 1/2] such that the de- 
nominators dk of the best approximants of 4p satisfy d^+i < d k for all k large 
enough have full Lebesgue measure on [0, 1/2] and belong to liminf^oo P q . Thus, 
at least two denominators fall into the allowed window and one of them can be 
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used due to the fact that two successive numerators cannot both be even. If there 
were two consecutive even numerators, then by the recursion all earlier numerators 
must have been even; but the first one was 1 and hence odd. □ 

Lemma 3.2. We have 

(19) |EA,p/,\EA,a|<e-< -°( 1 »«. 
In particular, 

(20) |X A , p/g \E AjQ |<e-( c -°«K 

Proof. The Lebesgue measure of £ A , p / g is 4 — 4A + 0(e~ cq ) by Theorem [3] Since 
^A.p/q is the union of q intervals, Theorem [2] implies 

(21) |S A:Q \E A , p/g | = 0( 9 e- c «). 
Since |2 A , a | > 4 - 4A by (12) , 

\^X,p/q \ ^A : a| = |£ AiP /g| — |S A:P / g S A)Q | 

= \^\,p/q\ - (|SA,a| - |S A , Q \ 2 A)J) / g |) 

< 4 - 4A + 0(e- c «) - (4 - 4A) + O0?e- C,? ), 
and the result follows. □ 

If E belongs to the interior of cr Ap / g , let m(0) be the fixed point of A q (0) in H, 
as in 32H 



Lemma 3.3. FKe /lave 

(22) sup supln<^(m(0)) = o(g). 

Bex e 

Proof. By Theorem[TJ the Lyapunov exponent is zero in E AjCt . By unique ergodicity 
of rotations (see the comment before Theorem [1]), this means that for every E E 
S A:Q and for every e > 0, there exists no(e,E) such that 

ln||^> B >(0)||< £ n 

for every 8 and every E € S AiQ for n > i%o(e, E). This obviously implies that there 
exists 5(e, E) > such that if \a! - a\< 6(e, E) and \E' — E\< 5(e, E), then 

In \\A^ a '' E '\e) || <en 

for every and every no(e, E) < n < 2rio(e, .E) + 1, and hence, by subadditivity, for 
every n > no(e, -E 1 )- By compactness of S A , Q , we conclude that there exists 5(e) > 
and no(e) > such that if \a' — a\ < 5(e) and E is at distance at most 5(e) of S AjQ , 
then 

\n\\A^' a '' E \6)\\ <en 

for every 9 and n > Uo(ff). lip/q is sufficiently close to a so that g > no(e) and 
S Ap / g is contained in a 5(e) neighborhood of S A)Q: , it then follows that 

In || A^*/*-*) (0)|| <eg 

for every 1? G S Ap / g , and in particular for every i? G c\,p/q- 

On the other hand, by definition of X, \TrA q \ < 2 - l/5q 2 if £ G X. It now 
follows from ([5]) that ln0(m) = o(q). D 
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Lemma 3.4. We have 

(23) \N x<p/q (X\Y)\=o(l). 
Proof. Note that 

(24) \X\Y\ = \X\^ a \<e-( c ~°^ 
by [J2D]). On the other hand, 



(25) \n^N x . p/q {E) = o(q). 
over X by Lemma 15731 and (|14p. Thus, 

^N XtP/q (E) = e°M 

and hence 

|iV A)P/g (X \ Y)\ = e-^^e ^ = e -(=-°d))9 5 

from which the result follows. □ 

Lemma 3.5. IfEeXnY, then 

(26) In f (p(m(9j) d9 > In f 0(m(0)) d9 - o(l). 

We will give the proof of this lemma in the next section. 

We can now easily conclude (|16|) and thus Theorem [5] and the Main Theorem. 
We have 

/ jE N ^ a{E) dE -hj I ^ l{0)) de dE 

>(1- (1))-L / U(m{9))d9dE 

>(l-o(l))\N XtP/q (XnY)\ 

> l-o(l), 

where the first inequality is due to Theorem [4l the second is due to Lemma l3.5[ the 
third is due to (fl4|) and absolute continuity of the IDS in the periodic case, and the 
fourth is due to Lemmas 13.11 and 13.41 



4. Proof of Lemma [3~51 

We keep the notation from the previous section. 

Since E <G X, p € P q . Let a and b be as in the definition of P q . Let us show that 
for every 9, 

(27) ^rh(9)) + ^m(9 + bqa)) > ^ _ o{m{mm 

which easily implies Lemma 13.51 The estimate (127[) is obvious when (j>(rh(6)) > 
2(f>(m(d)), so we will assume from now on that <f>(m(d)) < 2cf>(m(0)) < e^ 9 -*. 

Choose B(0) € SL(2,R) with B(0) • i = m(9). Then, since A{9) ■ m{6) = 
m(9 +p/q), it follows that 

B(0+p/q)- 1 A(9)B(9)-i^i 

and hence 

(28) A{6) = B(9+ P /q)R 4 , {e) B(9)- 1 . 
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By LemmaH In ||-B(0)|| = o{q) (recall that (j>{m(6)) = ^\\B(9)\\^ S if B{9) takes i 
to m(8)). We have 

o 
[J_ R^{e+i P /q) = B(9)A q (9)B(9)~ — R Ep (g), 

i—q—l 



where s is either 1 or — 1. The first identity follows from (f28[) and the second from 
the definition of p(6). 

Lemma 4.1. We have \\B(8)- 1 A bq (9)B(9) - R\\ = 0( e - c 9/ 4 ) where R = R e/i or 
R = i?_ e /4 according to whether a — 1 or a = 3 modulo 4. 

Proof. Write 

o o 

(29) A fe (0)= J| A(9 + ia) = J[ B(9 + (i + l)p/q)Q l B(9 + ip/q)- 1 . 

i—k — 1 i—k — 1 

That is, 

Q t . = B(9 + {i + l) P /q)- 1 A{8 + ia)B{9 + ip/q) 
= B{9 + (i + l)p/ q y l A{9 + i P /q)B(9 + ip/q)+ 
+ B{9 + (i + l)p/q)- 1 [A(9 + to) - A{9 + i P /q)]B(9 + ip/q) 

= Rlf>(6+ip/q) + 

+ B(8 + (i + l)p/q)- 1 [A(9 + ia) - A{9 + ip/q)]B{9 + ip/q) 

Thus, 

\\Qi - Ri,(9 + i P / q) \\ = e o(9) (\i\e-V-W»«) e°<*> 

and hence, for < i < bq, 

lift - R^0+i P / q )\\ = 0(e°^ +£ ^- ( ^°^ +o ^) = Oie-^ 2 -"^"). 

Thus A bq (9) = B(9)QB(9)- 1 where Q = ULbg-iQi satisfies \\Q - R sbp(e) \\ = 
^ e -{ c -o{i))qy Moreover; \4bp(9) -a\< 0{e- cq/4 ), giving the result. □ 

We will need an estimate in hyperbolic geometry, which was already used in a 
similar context in [4]. 

Lemma 4.2. Let Zi,Z2,Z3 lie in the same hyperbolic geodesic of H, with z-$ the 
midpoint between Z\ and Z2- Then </>(zi) + ^(#2) > ^■4>{ z 'i)- 

Proof. Let 2 In k be the hyperbolic distance between Z\ and Z2 ■ We may assume 
that Z\, z-i and z 3 are obtained from ki, i/k and i by applying 

A=(« »W(2,m). 
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Then, 



<-.) <> [ . 1 ) = n(\[ ^ k % 



A 





k 1 / 2 




^-{ka 2 + k- 1 b 2 





kc 2 



IIS 



fc-V2 o 

k 1 ' 2 

fc-V2 

k 1 ' 2 



HS 



Ar 1 ^ 2 ) + ^"V + ^ + k^c 2 



^(fc + fc- 1 )(a 2 + 6 2 + c 2 + rf 2 ) 

11 + P,, 2 



2 k 

1 + fc 2 



HS 



Ml 

<^(^3), 

and hence 0(zi) + 0(2:2) > 2</>(z3), as desired. 

We can now conclude. Since we have 4>{m(6)) = e ^', we obtain 
(30) \\n<i){m{0 + bqa)) -\n(j)(B{0)R l/A B{6)- 1 ■ m{9))\ = o(l), 

by Lemma 23] More precisely, if 5(0) takes i to rh(9), then 

0(m(0 + 6qa))=0(i h9 (0)-TO(0)) 

1 



and 



~||A 6g (0)B(0)||| s 



(l>(B{e)R 1/i B(ey 1 ■ m{e)) = <i>{B{e)R x/A B{e)- 1 B{9) ■ %) 

i, 



\B(6)R 1/i B(e)- 1 B(e)\\ 2 is 



Notice that 



kd 2 ) 



□ 



|i bg (0)B(0) - S^^^B^-^WUhs = 

< ||£(0)||hs \\B(d)- l A bq (9)B(0) - # 1/4 ||hs \\B(e)- l B(6)\\ RS 

< e o(q) e ~cq/4 e o(q) 
= g-cg/4+o(g)_ 



The triangle inequality shows that 



\A-B\\ < e^ln 



\B\\ 



<ln(l + e) 



whenever ||_B|| > 1. 
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It follows that 

\n<f>(m(6+bqa)) - lnrb(B{9)R 1/4 B{e)- 1 ■ m{6)) = 

= ln^\\A bq (6)B(9)\\l s -lnl\\B(e)R 1/4 B(e)- 1 B(e)\\ 2 HS 



21n- 



\A bq (9)B(0)\\ 



HS 



|B(0)i? 1/4 B(0)- 1 B(0)|| H s 

= 21n(l + e- c? / 4+ °^) 

= o(l), 

which is P0|) . 

Let us show that the points Z\ — m(0), z^ = B(0)Ri/ 4 B(Q)~ l ■ fh{0) and Z3 = 
m(0) are as in Lemma 14.21 (recall that m(6) = B(9) ■ i). Since B(9) preserves 
hyperbolic distance, it is enough to show this for the points 

B(0)- x -m(0), Ri/±B(B)- 1 ■ m(0), i. 

Map H to D and observe that i gets mapped to and the other two points to 
diametrically opposite points. Thus, these points lie on a hyperbolic geodesic and 
is the midpoint. 

So by Lemma l4~2l we have 

(31) ^— < > </>(m(6»)). 



Using (|30|) and (|3lj) one gets (|27|) . This completes the proof of Lemma 13.51 
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